A multi-mode analysis of micro-cantilever dynamics is presented. We derive the power spectral density of the cantilever displacement due to a thermal noise source and predict the cantilevers's fundamental resonant frequency and higher harmonics. The first mode in the multi-mode model is equivalent to the traditional single-mode model. Experimental results obtained with a silicon nitride cantilever at 300 K are in excellent qualitative agreement with the multi-mode model. The multi-mode model may be used to obtain accurate values of the cantilever properties such as the elastic modulus, effective mass, thickness and moment of inertia. © 1997 American Institute of Physics. ͓S0021-8979͑97͒04105-4͔
I. INTRODUCTION
Micro-cantilevers are widely used for the detection of forces in a variety of scanning force microscopes.
1 Atomic interaction forces, magnetic forces, and electric forces have been monitored using the deflection of the micro-cantilever as a measure of the forces. 1 The cantilever deflection is typically measured by optical or by electrical means.
Although extrinsic factors such as background vibration, room temperature fluctuations, and transient interactions between the cantilever and the surrounding gaseous medium frequently limit the force detection in practice, fundamentally it is the thermal noise of the cantilever that limits the sensitivity of scanning force microscopes. An in-depth understanding of the noise sources and their power spectra in micro-cantilevers is lacking. However, it may be useful in improving cantilever design and for the analysis of experimental data. Previous thermal noise estimates were based on an analysis where the cantilever is modeled as a single spring-mass-damper system. 1 Estimates of the thermal noise amplitude in a free undamped cantilever considering all modes of vibration of the cantilever were recently obtained. 2 However, this does not provide information on the vibrational amplitude in a frequency range, which is useful for lock-in detection schemes.
The estimates of the power spectral density of the cantilever displacement is of particular interest for studies of extremely weak forces such as detected in magnetic force microscopy. It was proposed by Sidles and co-workers [3] [4] [5] [6] that magnetic resonance imaging with single spin sensitivity is possible using detection techniques which employ a microcantilever. The basic experimental principles were demonstrated by Rugar and co-workers who detected a net spin of approximately 10 8 electrons and a net spin of approximately 10 12 protons. 6, 7 The limiting factor on sensitivity of these detection schemes is thought to be the thermal noise. 7 In Section II of this paper, we give a multi-mode analysis of the dynamics of a damped cantilever which is subjected to time-varying forces. In Section III, the power spectral density of the cantilever deflection due to the thermal source is derived based on a multi-mode model of the cantilever. Section IV establishes the relationship of the traditional model to the multi-mode model. In Section V, we present experimental methods and in Section VI we give results and discussion. Finally, we give the summary in Section VII.
II. MULTI-MODE MODEL OF THE CANTILEVER
Traditionally, micro-cantilevers for force microscopy have been modeled as a single spring-mass-damper system. 1 It was suggested that in certain scanning schemes subharmonics of the fundamental modes of the cantilever are driven. To predict these subharmonics it is essential that a multi-mode model of the cantilever be used. 8 Better estimates of the thermal noise effects on the cantilever displacement and the error involved in using a single-mode approximation can be obtained by using the multi-mode model. With this motivation, we give a detailed multi-mode analysis of the cantilever dynamics below. a͒ Electronic mail: mcfar@engineering.ucsb.edu Figure 1 shows a cantilever subject to multiple loading. One end of the cantilever is fixed and the other end is free. The distributed applied load per unit length is given by p(x,t). A concentrated load F(t) is applied at a distance x f from the base of the cantilever. The distributed load may be due to a piezoelectric material on the cantilever and the concentrated force may be due to the interaction between the sample and the cantilever tip. The damping force per unit length is denoted by p d (x,t). The length of the cantilever is L, its Young's modulus of elasticity is E, its cross sectional area is A, and its area moment of inertia is I ͑all in SI units͒.
A. Undamped free vibration
In the absence of damping and applied loads, the equation of motion of the cantilever is given by 
where j is a solution of cos j Lcosh j Lϩ1ϭ0.
͑2.4͒
The j th mode deformation of the cantilever is given by j (x), whereas the wavelength of the j th mode is given by j L. The wavelengths are arranged in an ascending order ( 1 Ͻ 2 Ͻ . . . ). The relation between the wavelength and frequency of mode j is given by
It can be shown that the cantilever deformations j satisfy the relations:
͑2.10͒
where
͑2.11͒ Table I gives the values of important parameters for the first five modes.
B. Forced vibration with damping
To study the dynamics of the cantilever subjected to time varying forces we apply the principle of virtual work to obtain the equation of motion. 9 Let the displacement of the cantilever at position x and time t be given by z(x,t). Suppose the cantilever is given a virtual displacement of ␦u(x,t). The elastic work and the inertial work done by the cantilever are given by
respectively, whereas the work done by the external applied forces and the damping force are given by
respectively. Using the principle of virtual work whereby the net work must be zero, we obtain
͑2.12͒
FIG. 1. A schematic showing a cantilever subjected to an applied load, p(x,t), the damping force, p d (x,t) assumed constant per unit length and a concentrated force, F(t), applied at a distance x f from the base of the cantilever.
We assume that the damping is uniform and given by p d (x,t)ϭż (x,t). It can be shown that any function r(x) which satisfies the boundary conditions imposed by the fixed-free cantilever defined between 0 and L can be expanded as r(x)ϭ ͚ kϭ1 ϱ k (x)q k where k (x) were obtained from the free undamped vibration. 9 Thus, any deformation of the cantilever can be represented as a weighted combination of the fundamental mode deformations of the unforced cantilever. Therefore coefficients q k (t) and ␦u k (t) exist such
Substituting Eq. ͑2.13͒ into Eq. ͑2.12͒, we obtain
Therefore,
As ␦u j (t) is arbitrary, we have
where the jth modal mass, spring constant, and damping coefficient are defined as
To obtain the necessary initial conditions of q j (t) for Eq. ͑2.14͒, we assume that z͑x,0͒ϭa͑x ͒ and ż͑x,0͒ϭb͑x ͒.
From Eq. ͑2.13͒, we have
Multiplying the above equations by j (x) and integrating, we have the necessary conditions 
Thus, we have obtained an expression of the cantilever displacement in terms of the forces on the cantilever.
III. THERMAL NOISE
Thermal noise is often the factor limiting the sensitivity of scanning probe microscopes. In this section the multimode model of the cantilever is used to obtain the effect of thermal noise on the cantilever displacement.
The potential energy in the beam at any time, t, is given by
Using Eq. ͑2.13͒, we have
Note that q j (t) is the displacement of a simple harmonic oscillator of frequency j ϭͱk j /m j . The expectation value for the energy of the quantized harmonic oscillator of frequency is simply
That the expected value of the potential and kinetic energies are equal implies that the expected value of the potential energy of the j th harmonic oscillator ͑which has frequency j ) is 
where p j (t) is the forcing due to thermal source. From Eq. ͑3.4͒, q j (t) can be considered to be the output of a linear time invariant system H j () for an input p j (t) and transfer function
Therefore the power spectral density of q j (t), S q j q j () is given by
where S p j p j () is the power spectral density of p j (t). This implies that
where R q j q j () is the autocorrelation function of q j (t) and is equal to ͗q j (t)q j (tϩ)͘ ͓it is also the inverse Fourier transform of S p j p j ()]. Assuming p j is white noise with a spectral density given by a constant j 2 , we have
͑3.7͒
Assuming that the damping is small enough ( 2 Ͻ4 EIA j 4 for jϭ1, . . . N), we can show that ͑see Appendix͒
͑3.9͒
Once the values of the j 2 are evaluated from Eq. ͑3.9͒, we can obtain the power spectral density of the displacement of the cantilever due to thermal noise by the relation z(x,t)ϭ ͚ jϭ1 N q j (t) j (x), where we have assumed that the effect of modes higher than N are negligible. As q j (t) are independent, it follows that
Therefore, from Eq. ͑3.6͒, we have
͑3.11͒
In many detection schemes, the measurement is restricted to frequencies well below 1 . The root-mean-square displacement of the tip of the cantilever in a frequency range ͓Ϫ⌬,⌬͔, is given by
͑3.12͒
If ⌬ Ӷ ͱk 1 /m 1 ϭ 1 , then the following approximation
͑3.13͒
This means that the root mean square displacement due to thermal noise in a frequency range 2⌬ f can be approximated as
͑3.14͒
where ⌬ f ϭ⌬/2. It is to be noted that for the modes which satisfy ប j Ӷ k B T the total energy in the mode is a constant irrespective of the modal frequency. However, the energy in a certain range of frequencies depends on the transfer function H j () which in turn depends on the physical parameters of the cantilever. The design of the cantilever with respect to thermal noise issues is equivalent to shaping H j () for a desirable distribution of energy between different frequency ranges. It is desirable to shape H j () such that the energy due to thermal noise, in the frequency band in which the measurements are restricted, is minimized. H j () can be altered by changing the physical parameters of the cantilever. Another method which has not been widely exploited is to actively alter H j () using feedback control. Active control of the cantilever in scanning probe microscopes is studied ͑based on a one-mode model of the cantilever͒ in Refs. 12 and 13. The multi-mode model can be used to obtain a better model for active cantilever control.
IV. RELATION TO TRADITIONAL MODELS
Previous studies have modeled the cantilever as a single spring-mass system. 1 The damping is introduced to fit the experimental data. The spring constant is taken as 3EI/L 3 , and the effective mass is taken as 0.24AL and are denoted by k and m, respectively.
1 Therefore, the equation of motion for the deflection of the tip, z(t) of the cantilever is
where it is assumed that the only loading on the cantilever is the concentrated loading applied at the tip. Therefore x f ϭL and p d ϭpϭ0. Note that if only one mode of the multi-mode model is used then
where q 1 (t) satisfies
Multiplying the above equation by 1 (L) and substituting 1 (L)F(t) for F 1 (t), we have
Substituting the values of m 1 , k 1 and 1 (L) from Table I , we obtain an equation identical to Eq. ͑4.1͒. This implies that the values of mass and spring constant as presented traditionally are related to m 1 and k 1 by
͑4.4͒
In the single spring-mass-damper approximation, the damping effects are often described by the Q factor. 1 In the model presented here, we have used the parameter to include damping effects. For the traditional single springmass-damper system, the equation of motion is given by mz͑t͒ϩcż͑t͒ϩkz͑t͒ϭ f ͑t͒.
͑4.5͒
The predicted power spectral density of the Langevin forcing term, f (t) is equal to 2k B Tc. 1 The relation between Q factor and c is given by Qϭͱkm/c. If only one mode of the multimode model is used then the equation of motion is given by
where we have assumed that the only forcing is due to the thermal source p 1 (t). From the relation z(L,t) ϭ 1 (L)q 1 (t) and Eq. ͑4.4͒, we know that the tip deflection dynamics are given by
We can choose such that cϭc 1 / 1 2 (L). From Eq. ͑3.9͒ we can conclude that the power spectral density of p(t) is given by 1 2 ϭ2k B Tc 1 . This means that the forcing term in Eq. ͑4.7͒ has a power spectral density given by 1 2 ͓1/ 1 2 (L)͔ ϭ 2k B Tc. Thus for the choice of above, the dynamics of the first mode of the multi-mode model we have presented agree with the dynamics of the traditionally employed model ͑note that some authors 6,14,15 employ a single-sided spectral density convention, rather than denote the double-sided convention used here resulting in a factor of 2 difference͒. Furthermore, the power spectral densities of the Langevin forcing term of the two models are identical.
we have
Substituting values from Table I , we have
͑4.9͒
V. EXPERIMENTAL METHODS
The power spectral density of the cantilever tip displacement was measured experimentally. A diving-board cantile-ver ͑obtained from Digital Instruments͒ was used with a thickness of 0.42ϩ/Ϫ0.03 m. The specified length L, breadth b and density of the cantilever were 204 m, 20 m, and 3400 kg/m 3 , respectively. The experiment was performed at a temperature, T, equal to 300 K. The cantilever was coated with Au/Cr which was removed by dipping the cantilever in the etchant solutions for Au and Cr, respectively.
The cantilever deflection was measured with an atomic force microscope ͑Nanoscope III AFM, Digital Instruments, CA͒ using a focused laser reflected from the cantilever onto a position-sensitive photodetector. The deflection of the cantilever was estimated by monitoring the position of the reflected laser. The signal from the photodetector was measured using the Hanning function of a dynamic signal analyzer ͑HP3562A͒.
The photodiode was calibrated from the slope of a force curve obtained from the interaction between the cantilever and a standard sample positioned on a calibrated piezoscanner of the atomic force microscope. 16 This allowed for the estimation of the cantilever deflection ͑in m/ͱHz) from the output of the photodiode ͑in V/ͱHz). Figure 2 shows the power spectral density of the cantilever displacement as obtained by a one-mode model, by a two-mode model and by the experiment. The two-mode model is seen to predict the modal frequencies accurately.
VI. RESULTS AND DISCUSSION
It is likely that precise quantative agreement between the experimental data and the model is lacking due to errors in the cantilever parameters supplied by the manufacturer. The model can be used to accurately determine these physical parameters. As an example a range of values were specified for the thickness of the cantilever used in the experiment performed. However, for tϭ0.43 m, the predicted and the experimental data showed good agreement suggesting that this might be the actual thickness of the cantilever. The actual displacement amplitude is greater than the predicted amplitude. We may attribute this to other noise sources such as the detector or the laser. However, none of the other noise sources are likely to excite the resonant modes of the cantilever and therefore the peaks in the plot are attributed to the thermal source.
We determined the value of c 1 by calculating using the first mode ͓ was calculated using Eq. ͑4.9͒; the Q factor for the first mode was found to be 6͔ and then determining c 2 using the formula c 2 ϭ͐ 0 L 2 2 (x)dx. The plots in Figure 2 are based on these values. In the damping model, we assumed that the damping force is proportional to the velocity and is independent of the position along the cantilever. Because of these assumptions on the damping model, coefficients c i are completely determined once is fixed. To better identify the cantilever, one can abandon the assumptions on the damping ͑so that c i can be fixed independently͒ made here and fix the values of c i based on the experimental data.
The thermal noise calculations presented here are for a cantilever fixed at one end and free at another. However, in actual operation of scanning force microscopes this is not necessarily the operational configuration because the end with the tip is subjected to constraining forces. An analysis similar to the one carried out for the fixed-free cantilever can be performed when both ends of the cantilever are fixed by using the mode shapes of the unforced fixed-fixed cantilever to form the basis for the expansion of any possible deformation of the cantilever in the fixed-fixed configuration. The thermal noise in actual operation will lie between the values for fixed-free and the fixed-fixed cases.
The contribution of thermal noise to a particular measurement depends on the relevant frequency range. The area under the power spectral density curve for a specified frequency range is easily estimated and will represent the net contribution of the thermal noise to the measurement. Numerical values can be obtained using Equation ͑3.12͒.
The number of modes invoked in the multi-mode model depends on the specific frequency range of the experiment. If this range is far below the first cantilever harmonic then a single mode approximation is appropriate. Even if the measurements are restricted to the lower end of the frequency spectrum, the higher modes do contribute to the noise displacement. For data presented here ͑Figure 2͒, it is clear that if the measurements are restricted to a frequency range less than 40 kHz then the second mode can be neglected.
VII. SUMMARY
In this paper we have described the cantilever dynamics and thermal noise behavior of a cantilever relevant to scanning probe microscopy or other micro-cantilever based measurement techniques. Based on the free vibration modes of the cantilever, a detailed analysis of the dynamics of the forced cantilever is given. This analysis was used to predict the power spectral density of the cantilever deflection caused by thermal noise. The relationship to traditional noise analysis was established so that the results obtained here can be applied easily. The power spectral density of the displacement of a cantilever was obtained experimentally and compared to analytic predictions of the model. The results show good agreement. Fitting experimental data to the multi-mode model is shown to be a practical method for accurate identification of cantilever parameters. 
